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Abstract. For n > 5 let T/^ denote the unique tree on n vertices with A(T/j) = 
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fiKi^rn—i, T*) = m + n — 3 or m + n — A according as m — 1 | (n — 3) or m — 1 1 (n — 3), 
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as m — 1 I (n — 3) or m — 1 -f (n — 3). 
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1. Introduction. 

In this paper, all graphs are simple graphs. For a graph G = {V{G),E{G)) let 
e{G) = \E{G)\ be the number of edges in G and let A(G) be the maximal degree of 
G. For a forbidden graph L, let ex(p; L) denote the maximal number of edges in a 
graph of order p not containing L as a subgraph. The corresponding Turan's problem 
is to evaluate ex{p; L). 

Let N be the set of positive integers, and let p, n G N with p > n > 3. For a given 
tree on n vertices, it is difficult to determine the value of ex{p;Tn). The famous 
Erdos-Sos conjecture asserts that ex{p;Tn) < for every tree T„ on n vertices. 

For the progress on the Erdos-Sos conjecture, see [4,8,9,11]. Write p = k{n — 1) + r, 
where /c G N and r G {0, 1, . . . , n — 2}. Let be the path on n vertices. In [5] 
Faudree and Schelp showed that 

fn — l\ f r\ (n — 2)p — r(n — 1 — r) 
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In the special case r = 0, (1.1) is due to Erdos and Gallai [3]. Let Ki^n-i denote the 
unique tree on n vertices with A{Ki^ri-i) = n — 1, and for n > 4 let denote the 
unique tree on n vertices with A(T^) = n — 2. In [10] the author and Lin-Lin Wang 
obtained exact values of ex{p; Ki^n-i) and ex{p;T^), see Lemmas 2.4 and 2.5. 

For n > 5 let = (F, E) be the tree on n vertices with V = {uq, vi, • • • , Vn-i} and 
E = {vqVi, . . . ,voVn-3,Vn-3Vn-2,Vn-2Vn-i}- In [10], wc also determine the value of 
ex{p;T*), see Lemmas 2.6-2.8. 

As usual G denotes the complement of a graph G. Let Gi and G2 be two graphs. 
The Ramsey number r{Gi, G2) is the smallest positive integer n such that, for every 
graph G with n vertices, either G contains a copy of Gi or else G contains a copy of 
G2. 

Let ?i G N with n > 6. If the Erdos-Sos conjecture is true, it is known that 
r{T^,T^) < 2n - 2 (see [8]). Let m,n e N. In 1973 Burr and Roberts[2] showed that 
for m, n > 3, 



(1.2) r(Ki,^_i,Ki,„_i) = I 



m-|-n — 3 if2f mn, 
m + n — 2 if 2 I mn. 

In 1995, Guo and Volkmann[6] proved that for n > m > 5, 

{171 + n — 3 ifm — l|(n — 3), 
m + n-5 if m = n = (mod 2), 
m + n — A otherwise 

and for n > m > 4, 

m -h n — 3 if 2 I m(n — 1), 



(1.4) r{K,,m-uK) = 



m + n — A if2f m{n - 1) . 



Let m, n e N with n > m > 6. In this paper we evaluate the Ramsey number 
r{Tm,T*) for e {P^, ^1,^-1, r4,r^}. As examples, forn > 8 we have 

(1.5) r(P,, T^) = r(T:, T^) = 2n - 5, 

for n > m > 7 we have 

m + n — 3 if m — 1 I (n — 3), 
m + n — 4: ifm — lf(n — 3), 

for m > 7 and n > {m — 3)^ -|- 2 we have 

m -|- n — 3 if m — 1 ] (n — 3), 
m-l-n-4 ifm-lf(n-3). 

In addition to the above notation, throughout the paper we also use the following 
notation: [a; J — the greatest integer not exceeding x, — the complete graph on n 
vertices, K^^n — the complete bipartite graph with m and n vertices in the bipartition, 
do{v) — the degree of the vertex v in given graph G, d{u,v) — the distance between 
the two vertices u and u in a graph. 
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(1.6) r(i^i,^_i,T:) 



(1.7) r{Pm, K) = r{T:^, K) = t(T*^, = { 



2. Basic lemmas. 



Lemma 2.1. Let Gi and G2 be two graphs. Suppose p G N,p > max{\V{Gi)\, 
\V{G2)\} andex{p;Gi) + ex{p;G2) < (^). Then r{Gi,G2) < p. 

Proof. Let G be a graph of order p. If e{G) < ex{p;Gi) and e{G) < ex{p;G2), 
then 



This contradicts the assumption. Hence, either e{G) > ex{p; Gi) or e{G) > ex{p] ^2)- 
Therefore, G contains a copy of Gi or G contains a copy of G2- This shows that 
r(Gi, G2) < \V{G)\ = p. So the lemma is proved. 

Lemma 2.2. Let k,p E N with p > k + 1. Then there exists a k— regular graph of 
order p if and only if 2 \ kp. 

This is a known result, see for example [10, Corollary 2.1]. 

Lemma 2.3. Let Gi and G2 be two graphs with A(Gi) = di >2 and A{G2) = d2 > 
2. Then 

(i) riGi,G2) >di + d2-{l- (-l)(^i-i)(^2-i))/2. 

(ii) Suppose that G\ is a connected graph of order m and di < d2 < m. Then 
r{GuG2)>2d2-l>di+d2. 

(iii) Suppose that Gi is a connected graph of order m and d2 > m. If one of the 



(1) 2 I (di + 6^2 -m), 

(2) di^m-l, 

(3) G2 has two vertices u and v such that d{v) = A{G2) and d{u,v) = 3 
holds, then r{Gi, G2) > di + d2- 

Proof. We first consider (i). If 2 | (di-l)(d2-l), then 2 | {di-l){di+d2-l). Since 
di — 1 > 1, by Lemma 2.2 we may construct a (ii — 1-regular graph G of order di+d2-~l- 
Since A{G) = di — 1 and A(G) = d2 — l, G does not contain Gi as a subgraph and G 
does not contain G2 as a subgraph. Hence r{Gi, G2) > 1 + |^(<-r)| = di + ^2- Now we 
assume 2\ {d\ — l){d2 — 1). Then 2 | di, 2 | ^2 and so 2 | {di+d2 — 2). By Lemma 2.2, 
we may construct a (ii — 1-regular graph G of order d\ + d2 — 2. Since A{G) = di — 1 
and A{G) = d2 — 2, G does not contain Gi as a subgraph and G does not contain G2 
as a subgraph. Hence r(G'i, G2) > 1 + = di + d2 — I- This proves (i). 

Next we consider (ii). Suppose that Gi is a connected graph of order m and 
di < d2 < m. Since Kd2-i U Kd2-i does not contain any copies of Gi, and its 
complement Kd2-i,d2-i does not contain any copies of G2, we see that r{Gi,G2) > 
1 + 2{d2 - 1) = 2^2 - 1 > rfi + ^2- This proves (ii). 

Finally we consider (iii). Suppose that Gi is a connected graph of order m and 
d2> m. By Lemma 2.2, we may construct a graph 




conditions 




Km-iUHi if 2 I (rfi + ^2 -m), 

Km-2 U if2 if 2 t {di + d2- m), 
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where Hi is a di — 1-regular graph of order di + d2 — m and H2 is a di — 1-regular 
graph of order di + d2 — m + 1. It is easily seen that G does not contain any copies 
of Gi and 



A(G) 



d2 — 1 if 2 I (di + d2 — m) or di ^ m — 1, 
d2 if 2 f (di + d2 — m) and di = m — 1. 



If 2 I {di + d2 — m) OT di ^ m — 1., then G does not contain any copies of G2 and so 
r{Gi,G2) > 1 + 1^(^)1 = di + d2. Now assume 2 ^ {di + d2 - m) and di = m - 1. 
For vq € F(iy2) we have dQ{vo) = d2 — I. Suppose that vi, . . . , e ^(G^) and 
tJi, . . . , Vm-2 induce a copy of Km-2- Then . . . , Vm-2\ is an independent set in 
G and d-^ivi) = (i2 for i = 1, 2, . . . , m — 2. If G2 has two vertices -u and v such that 
ci(v) = A{G2) and f ) = 3, we see that G does not contain any copies of G2 and 
so r(Gi, G2) > 1 + = di + d2. This proves (iii) and the lemma is proved. 

Lemma 2.4 ([10, Theorem 2.1]). Let p,n E N with p > n - 1 > 1. Then 
ea;(p;i^i,,_i)=L^J. 

Lemma 2.5 ([10, Theorem 3.1]). Let p,n e N with p > n > 5. Let r e 

{0, 1, . . . , n — 2} be given by p = r (mod n — 1). Then 



ex{p;T!^) = 



^(n^2)b_i)-r-ij ,fn>7 and2<r<n-4., 



{n—2)p—r{n—l—r) 



2 otherwise. 



Lemma 2.6 ([10, Theorems 4.1-4.3]). Let p^n G N with p > n > 6, and let 

p = k(n — 1) + r with A; e N and r e {0, 1, n — 5, n — 4, n — 3, n — 2}. Then 



ex{p;T:) = 



(n 2){p 2) _^ ^ if n > 6 and r = n — 5, 

(n—2)p—r(n—l—r) ,i 

^ 2 ^ otherwise. 



Lemma 2.7 ([10, Theorem 4.4]). Let p, n G N, p > n > 11, r e {2, 3, . . . , n - 6} 
and p = r (mod n — 1). Lei t G {0, 1, . . . , r + 1} &e ^'iwen by n — 3 = t (mod r + 2). 
T/ien 



ea:(p;T;) = 



^ (n-2)(p-l)-2r-t-3 j i/ r > 4 2 < t < r - 1, 



2 

(n-2)(p-l)-t(r+2-t)-r-l 



2 otherwise. 



Lemma 2.8 ([10, Theorem 4.5]). Let p,n G N with 6 < n < 10 and p > n, and 

let r & {0, 1, . . . ,n — 2} be given by p = r (mod n — 1). 

(i) Ifn = 6, 7, then ex{p; T*) = in-2)p-r{n-i-r) 

(ii) If n = 8,9, then 



ex{p;T:) = 



(n-2)p-r(n-l-r) 
{n-2)(p-2) ^ ^ 
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(iii) If n = 10, then 



ex{p;T*) 



4p 
4p 



r(9-r) 



7 

4p-9 



ifr = 5, 
if r = 4:. 



Lemma 2.9. Let p,m e N with p > m > b, and Tm G {Prm Ki^rn-i, Tl^,T^}. 
Then ex{p;Tm) < _ Moreover, if m — 1 \ p and Tm £ {PrmT'^^T^} , then 

exip;Tm) < ^"^-'l^'-'K 

Proof. This is immediate from (1.1) and Lemmas 2.4-2.8. 

Lemma 2.10. Let m, n e N with m, n > 5. Let Gm be a connected graph on m 
vertices. Ifm + n — 5= (m — l)x + (m — 2)y for some nonnegative integers x and y, 
then r{Gm, T^) > m + n - A for T^ e {Ki,n-i, T*}. 

Proof. Let G = xK^-i U yKm-2- Then \V{G)\ = m + n - 5, A{G) < m - 1 and 
A(G) < n — 3. Clearly, G does not contain Gm as a subgraph, and G does not contain 
Tn as a subgraph. So the result is true. 

Lemma 2.11 ([7, Theorem 8.3, pp. 11-12]). Let a,b,n e N. If a is coprime to 
b and n > {a — l){b — 1), then there are two nonnegative integers x and y such that 
n = ax + by. 

Conjecture 2.1. Let p,n E N, p > n > 5, p = k{n — 1) + r, k E N and r G 
{0,1,... , n — 2}. Let Tn Ki^n-iiT^ be a tree on n vertices. Then ex{p;Tn) < 
ex(j);T*). Hence 

(i) Ifre {0, l,n-4,n-3,n-2}, then 

(ii) // 2 < r < n - 5, then 



We note that 

(2.1) exip; Tn) > e{kKn-i U K^) = (n - 2)p - r{n - 1 - r) ^ 

Definition 2.1. For n > 5 let T^ be a tree on n vertices. View T^ as a bipartite 
graph with si and S2 vertices in the bipartition. Define a2(Tn) = max {si,S2}. 

Conjecture 2.2. Let p,n e N with p > n > 5. Let Tn'' and Tn^ be two trees on n 
veHices. If a2{T^^^) < a2(TP), then ex{p;T^^^) < ex{p;Ti^^). 
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3. The Ramsey number r(G„,T*). 



Lemma 3.1. Let n G n > 6, and let be a connected graph on n vertices such 
that ex{2n - 5; Gn) < - 5n + 4. Then r{Gn, T*) = 2n - 5. 



Proof. As 2Kn-^ does not contain any copies of Gn and 2X^-7^ = i^^n-3,n-3 does 
not contain any copies of T^, we see that r{Gn,T*) > 2{n — 3). By Lemma 2.6 we 

e.(2„ - 6; T') = - 2)i2n - ,) - Z(n - i) _ 



Thus, 



n — 6n + 11. 



ex{2n - 5; Gn) + ex{2n - 5;T*) < - 5n + A + - 6n + 11 

o /2n — 5 

= 2n^ - lln+ 15 = 



Appeahng to Lemma 2.1 we obtain r{Gn,T*) < 2n — 5. So r{Gn,T*) = 2n — 5 as 
asserted. 

Theorem 3.1. LetneN with n>8. Then 

r{Pn, T:) = r(T;, T*) = r{T:, T^) = 2n - 5. 



Proof. By Lemma 2.6 we have 
ex{2n-5;T*) 



(n-2)(2n-5) -3(n-4) o ^ _ o . 
^ 11 —L ^ i = - 6n + 11 < - 5n + 4. 



By Lemma 2.5 we have 



ex(2n-5;r;) 



(n-2)(2n-6) - (n - 4) - 1 



2 11 15 



/ 2 11 15 2 r 

<n^ - —n + — < n"' - 5n + 4. 



By (1.1) we have 

(fi 2\ /n 4\ 
2 j + ( 2 j =n^-6n+ll <n^-5n + 4. 

Thus applying Lemma 3.1 we deduce the result. 

Conjecture 3.1. Let n e N, n > 8, and let T„ ^ Ki^^-i be a tree on n vertices. 
Then r{Tn,T*) = 2n - b. 



Remark 3.1 Let n e N with n > 4. From [6, Theorem 3.1(ii)] we know that 
r(Ki,„_i,T„*)=2n-3. 
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4. The Ramsey number r{Gm,T*) for m < n. 



Theorem 4.1. Let m,neN, n>m>5 and m — 1 \ (n — 3). Let Gm be a 

connected graph of order m such that ex{m + n — 3; Gm) < ("^ 2)(m+n 3) ^ 
{Pm, Ki,m-i, T;;, T;,}. r/ien r{Gm, T*) = m + n - 3. 

Proof. By Lemma 2.9 we may assume ex{m+n — 3; Gm) < i'm-2){m+n-3) ^ g^pp^gg 
n — 3 = k{m — 1). Clearly (A; + l)Km-i does not contain Gm as a subgraph and 
{k + l)Km-i does not contain T* as a subgraph. Thus 

riGm, T*) > {k + l){m-l) ^m + n-4. 

Since 1 <m — 4<n — 6, using Lemma 2.9 we see that 

(n - 2)(m + n - 4) 



ea;(m + n-3;T*) < 



Thus, 



ex{m + n — 3; G^) + e,T(m + n — 3; T^) 
^ (m — 2) (m + n — 3) (n — 2) (m + n — 4) 
- 2 ^ 2 

(m — 2 + n — 2)(m + n — 3) /m + n — 3 
^ 2 " V 2 

Hence, by Lemma 2.1 we have r{Gm, T*) < m + n — 3. So the result follows. 

Lemma 4.1. Let m,n & N,n > m > 7 and m — 1 f (n — 3). Let Gm be a con- 
nected graph of order m such that ex{m + n — 4; Gm) < ("^ 2)(m+n 4) ^ 
{P^,Ki,^_i,T;,,T4}. r/ienr(G^,T„*) <m + n-4. 

Proof. By Lemma 2.9 we may assume ex{m + n — 4; G^^) < ("^~^)(^+"-~"^) _ As 
m + n — 4 = n — 1 + Tn — 3 and m — 1 f (n — 3) , we see that 2<m — 3<n — 4 and 
m — 3 ^ n — 5. Thus applying Lemmas 2.6, 2.7 and 2.8 we find 

/ . m*^ (n — 3)(m + n — A) 
ex{m + n- 4:;T*) < -. 



Hence, 



ex{m + n — 4; Gm) + ex{m + n — 4; T*) 

^ — 4) /m -F 
~ 2 



^ (m — 2)(m + n — 4) ^ (n — 3)(m + n — 4) f m + n 



Now applying Lemma 2.1 we obtain the result. 
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Theorem 4.2. Let m,n&N,n>m>7 and m — 1 \ {n — 3). Let Gm be a connected 

graph of order m such that ex{m+n—4; Gm) < {m-2){m+n-4) q^q^^ ^ {P„i, T^, T^}. 
If m + n — 5 = (m — l)x + (m — 2)y for some x,y & {0, 1,2,...}, then r{Gm,T*) 
III ■ ii 1. 

Proof. By Lemma 4.1, r{Gm,T*) < m + n - 4. By Lemma 2.10, r{Gm,T*) > 
m + n — 4. Thus the result follows. 

Theorem 4.3. Suppose m,n E N , n > m > 7 , n = k{m — 1) + b = q{m — 2) + a, 
k,q eN, a E {0,1, ... ,m — 3} and b E {0, 1, . . . , rn — 2} — {3}. Let Gm be a connected 
graph of order m such that ex (m+n— 4; Gm) < ("^-2)(m+n-4) qj.q^ ^ {Pm,T^,T^} . 
If one of the following conditions 

(i) 6 €{1,2,4}, 

(ii) 6 = and k > 3, 

(iii) n > (m - 3)^ + 2, 

(iv) n > — 1 — b{m — 2), 

(v) a>3 and n > (a - 4)(m - 1) + 4 

holds, then r{Gm, T*) = m + n — 4. 
Proof. For 6 e {1, 2, 4} we have 

{(/c-2)(m-l) + 3(m-2) if 6 = 1, 
(/c- l)(m- 1) + 2(m-2) if 6 = 2, 
(A; + l)(m-l) if 6 = 4. 

For 6 = and > 3 we have m+n — 5 = (A; — 3)(m— l)+4(m — 2). For n > (m — 3)^+2, 
we have m + n — 5 > (m — 2)(m — 3) and so m + n — 5 = (m — l)x + {m — 2)y for some 
x,y E {0,1,2, .. .} by Lemma 2.11. For n > m? — l—b{m—2) we have k > m+l—b and 
m+n-5 = (A;+6-m-l)(m-l)+(m+3-6)(m-2). For a > 3andn > (a-4)(m-l)+4 
we have q>a — 4 and m + n — 5 = (a — 3)(m — 1) + (g + 4 — a)(m — 2). Now combining 
all the above with Theorem 4.2 we obtain the result. 

Theorem 4.4. Suppose m,nEN,n>m>7 and m — 1 f (n — 3). Then 

r{Ki,m-i,T*) = m + n-4, 

''(^rrn = ''(^m) ^m+s) = 2m — 1, 

r(T^, T^) = m + n — 4 or m + n — 
m + n-6 <r{T^,T*) <m + n-4. 

Proof. From Lemma 4.1 we have r{Tm, T*) < m+n— 4 for Tm E {Ki^m-i, T^^, T^}. 
By Lemma 2.3, r(i^i,^_i, T,*) > m-l + n-3, r{T^,T:^^^) >2m-l, r(T^,T„V3) > 
2m — 1, r{T^, T*) >m — 2 + n — 3 and r{T^, T*) > m — 3 + n — 3. Thus the theorem 
is proved. 
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Theorem 4.5. Suppose m,nEN, n>m>7,n = k{m — 1) + b, k E N, b E 

{0, 1, . . . ,m — 2}, b ^ 3 and ^^^^^ <k<m + 2 — b. Let Gm be a connected graph of 
order m such that ex{m + n — 4; Gm) < \{'^ ~ 2)(m + n — 4) or Gm G {Pm,T^}. 
Then r{Gm, T*) = m + n — 4 or m + n — 5. 

Proof. By Lemma 4.1 we only need to show that r{Gm,T*) > m + n — 6. Set 
G ^ {2k + b- m)Km-2 U (m + 2 - 6 - k)Km-3- Then \V{G)\ = (2/c + 6 - m)(m - 
2) + (m + 2 - 6 - k)(m - 3) = m + n - 6. We also have A(G) < m - 2 and 
A(G) <m + n — 6 — (m — 3) = n — 3. Now it is clear that Gm is not a subgraph of 
G and that T* is not a subgraph of G. So r(Gm,T*) > \V{G)\, which completes the 
proof. 

Remark 4.1 If p > m > 6 and is a tree on m vertices with a vertex adjacent to 
at least [^^^^J vertices of degree 1, in [9] Sidorenko proved that ex(p;Tm) < 
Thus, Gm can be replaced with Tm in Lemma 4.1, Theorems 4.1, 4.2, 4.3 and 4.5. 

5. The Ramsey number r{Gm,T^) for m <n. 



Theorem 5.1. Let m,n&N,n>m>6 and m — 1 \ (n — 3). Suppose that Gm is a 
connected graph of order m satisfying ex{m + n — 3; Gm) < {'m-'2){m+n-d,)+m+n-A 
Gm e {T^, Pm}- Then r{Gm, T^) = m + n - 3. 

Proof. By Lemma 2.9 we may assume ea;(m+n — 3; G^n) < (m-2){rn+n-3) ^ g^pp^gg 
n-3 = k{m-l) and G = {k + l)Km~i- Then \V{G)\ = m + n-^ and A(G) =n-3. 
Clearly, Gm is not a subgraph of G and is not a subgraph of G. Thus r{Gm, T^) > 
m + n — A. Since m — 1 | (n — 3) , we have n > m + 2 and so4<m — 2<n — 4. 
Hence, using Lemma 2.5 we see that ex{m + n - 3;T;^) = ^ (^-2)(^+n-4)-(m-i) j ^ 

(n-2)(m+n-3)-(m+n-4) ^ therefore 

fm + n — 3\ 

exim + n - 3; Gm) + ex{m + n - 3; T„) < I ^ ) • 



Applying Lemma 2.1 wc sec that r{Gm,Tn) < m + n — 3. So the result follows 
Lemma 5.1. Let m,n E N,n > m > 6 and m — 1 \ (n — 3). Suppose that G 

2 



is a connected graph of order m satisfying ex{m + n — 4; G^) < ("^ 2){in^n 4) 



Gm G Pm]- Then r(Gm, T^) < m + n - 4. 

Proof. Since m — 1 f (n — 3) we have m — l\{m + n — 4). Thus applying Lemma 2.9 
wehaveex(m + n-4;Tj < irn-2){m+n-5) ex{m + n - 4; Pm) < . 
As n > m we have 3<m — 3<n — 4. By Lemma 2.5, ex{m + n — 4;T^) = 

1^ (n— 2)(m+n— 5) — (m— 2) J ^ (n— 2)(m+n— 5) — (m— 2) 'pj^-Qg 

, ^ , / . ^/ X (m — 2 + n — 2) (m + n — 5) /m + n — 4\ 
ex(m+n-4;Gm) + ea;(m+n-4;T;) < ^ ^=f ^ )• 

This together with Lemma 2.1 yields the result. 
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Theorem 5.2. Let m,n e N, n > m > 6 and m - 1 \ {n - S). Then r{T^, T^+i) = 
2m — 3 and r{T^, T^) = m + n — 4 or m + n — 5 for n > m + 3. Suppose that Gm 
is a connected graph of order m satisfying ex{m + n — 4;Gm) < 2)(m+n 4) 
Gm G {2^m) Pm}- If m + u — 5 — {m — l)x + (m — 2)y for some nonnegative integers 
X and y, then r{Gm, T^) = m + n — 4. 

Proof. By Lemma 2.3, r{T^,T^^^) > 2{m - 1) - 1 = 2m - 3 and r{T^,T^) > 
m — 3 + n — 2 for n > m + 3. By Lemma 5.1, r{Gm, T^) < m + n — 4. Thus, 
r(T^,T^^i) = 2m — 3. Now applying Lemma 2.10 we deduce the remaining result. 

From Theorem 5.2 and the proof of Theorem 4.3 we deduce the following result. 

Theorem 5.3. Suppose m,n e N, n > m > 6, n = k{m — 1) + b = q{m — 2) + a, 

k,q ^ N, a E {0, 1, . . . , m — 3} and 6 G {0, 1, . . . , m — 2} — {3}. Let Gm be a connected 
graph of order m such that ex{m + n — 4; Gm) < 2)(m+n 4) ^ {Pm, Tm}- 

If one of the following conditions 

(i) 6 e {1,2,4}, 

(ii) 6 = and k > 3, 

(iii) n>(m-3)^ + 2, 

(iv) n > — 1 — b{m — 2), 

(v) a>3 and n > (a — 4)(m — 1) + 4 

holds, then r{Gm, T^) = m + n — 4. 

6. The Ramsey number r{Tm, Ki^n-i) ^or m < n. 
The following two propositions are known. 

Proposition 6.1 (Burr[l]). Let m,n e'N with m > 3 and m — 1 | (n — 2). Let 
be a tree on m vertices. Then r{Tm, Ki^n-i) = m + n — 2. 

Proposition 6.2 (Guo and Volkmann [6, Theorem 3.1]). Let m,n G N, m > 3 

and n — k{m — 1) + 6 with /c G N and 6 G {0, 1, . . . , rn — 2} — {2}. Let T^ ^ Ki,m-i 
be a tree on m vertices. Then r{Tm, i^i,n-i) < m + n — 3. Moreover, if k > m — b, 
then r{Tm, i^i,n-i) = m + n — 3. 

Theorem 6.1. Let m,n e N, n > m > 3, m — 1 ] {n — 2), n = q{m — 2) + a, 

q & N and a G {2,3, ... ,m — 3}. Let Tm 7^ Ki^rn-i be a tree on m vertices. If 
n > (a — 3) (m — 1) + 3, then r{Tm, i^i,n-i) = m + n — 3. 

Proof. Since q{m — 2) = n — a > (a — 3) (m — 2) we have q > a — 3. Set G = 

{a-2)Km-iU{q-{a-3))Km-2- Then \V{G)\ = (a-2)(m-l) + (g-(a-3))(m-2) = 
m + n — 4 and A(G) < n — 2. Clearly, Tm is not a subgraph of G and Ki^^-i is not 
a subgraph of G. Thus r{Tm, Ki^n-i) > = m + n — 4. By Proposition 6.2, 

r{Tm-, Ki,n-i) <m + n — 3. So r{Tm, Ki,n-i) — m-\-n — 3. This proves the theorem. 
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Theorem 6.2. Let m,n e N with n > m > 5 and m — 1 \ (n — 2). Then 
r{T^, Ki^n-i) = Tn + n — 3 or m. + n — 4. Moreover, if m + n — 4 = {m — l)x + {m — 2)y+ 
2(m — 3)z for some nonnegative integers x, y and z, then r{T^, Ki^n-i) = m + n — 3. 

Proof. By Proposition 6.2, r{T^, Ki^n-i) < m + n — 3. By Lemma 2.3 we have 
r{T^, Ki^n-i) > m + n — 4. If m + n — 4 = {m — l)x + (m — 2)y + 2{m — 3)z for 
some nonnegative integers x,y and z, setting G — xKm-i ^yKm-2 ^ zKm-3,m-3 we 
find A(G) < n — 2. Clearly, G does not contain any copies of T^, and G does not 
contain any copies of Ki^n-i- Thus, r{T^, K-^^n-i) > \V{G)\ = m + n — 4 and so 
r{T^, Ki^n-i) = m + n — 3. This proves the theorem. 
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